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Abstract

In relation to the development of the interfacial area transport equation, the sink and source terms in an
adiabatic bubbly ¯ow system were modeled based on the mechanisms of bubble±bubble and bubble±turbulent eddy
random collisions, respectively. The interfacial area transport mechanism was discussed based on the derived model.

One-dimensional interfacial area transport equation with the derived sink and source terms was evaluated by using
the area averaged ¯ow parameters of adiabatic air±water bubbly ¯ows measured in 25.4 mm and 50.8 mm diameter
tubes. The ¯ow conditions of the data set covered most of the bubbly ¯ow regime, including ®nely dispersed bubbly

¯ow (inlet super®cial gas velocity: 0.0414±3.90 m/s, super®cial liquid velocity: 0.262±5.00 m/s, void fraction: 1.27±
46.8%). Excellent agreement was obtained between modeled and measured interfacial area concentrations within the
average relative deviation of 11.6%. It was recognized that the present model would be promising for the interfacial

area transport of the examined bubbly ¯ows. 7 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In the past twenty-®ve years, signi®cant develop-

ments in the two-phase ¯ow formulation have been

accomplished by the introduction of the drift ¯ux

model and the two-¯uid model. In the present state-of-

the-art, the two-¯uid model is the most detailed and

accurate macroscopic formulation of the thermo-¯uid

dynamics of two-phase systems. In the two-¯uid

model, the ®eld equations are expressed by the six con-

servation equations consisting of mass, momentum

and energy equations for each phase. Since these ®eld

equations are obtained from an appropriate averaging

of local instantaneous balance equations, the phasic in-

teraction term appears in each of the averaged balance

equation. These terms represent the mass, momentum

and energy transfers through the interface between the

phases. The existence of the interfacial transfer terms

is one of the most important characteristics of the two-

¯uid model formulation. These terms determine the

rate of phase changes and the degree of mechanical

and thermal non-equilibrium between phases, thus

they are the essential closure relations which should be

modeled accurately. However, because of considerable

di�culties ?in terms of measurements and modeling,

reliable and accurate closure relations for the inter-

facial transfer terms are not fully developed.

The geometrical relations developed for the inter-

facial area concentration [1] show the importance of
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Nomenclature

A pressure gradient along the ¯ow direc-
tion

ai interfacial area concentration

ai, 0 interfacial area concentration at inlet
c parameter de®ned by de=db

D tube diameter

DSm Sauter mean diameter
db bubble diameter
de eddy diameter

�ÿdP=dz�F frictional pressure loss
EB energy required for breakup
e energy of a single eddy
FS function of c

FV function of c
fB bubble±eddy random collision frequency
fC bubble±bubble random collision fre-

quency
j mixture volumetric ¯ux
jg super®cial gas velocity

jf super®cial liquid velocity
jf, max maximum super®cial liquid velocity
KB coe�cient

KC coe�cient
ke wave number, 2=de

L tube length
me mass per a single eddy

Nb number of bubbles
Ne number of eddies of wave number ke

per volume of liquid

nb bubble number density
ne number of eddies of wave number per

volume of two-phase mixture

P pressure
rb bubble radius
SB surface available to the bubble±eddy

random collision

SC surface available to the bubble±bubble
random collision

t time

tC time required for coalescence of bubbles
UB volume available to the bubble±eddy

random collision

UC volume available to the bubble±bubble
random collision

ub bubble ¯uctuating velocity

uB bubble velocity
uC bubble velocity
ue eddy velocity
V control volume

v particle volume
vi interfacial velocity
viz z-component of interfacial velocity

z axial position

Greek symbols

a void fraction
amax maximum allowable void fraction
bB variable to take account of the overlap

of the excluded volume for high void
fraction region

bC variable to take account of the overlap

of the excluded volume for high void
fraction region

GB adjustable valuable
GC adjustable valuable

gB function of c
gC constant
gB adjustable valuable

gC adjustable valuable
dcrit critical ®lm thickness where rupture

occurs

dinit initial ®lm thickness
e energy dissipation
Z constant of order 1

lB breakup e�ciency
lC coalescence e�ciency
rf liquid density
rm mixture density

s interfacial tension
tC contact time for the two bubbles
Fj rate of change of interfacial area con-

centration due to bubble breakup or co-
alescence, �2ai=3a�fj

FPhase rate of change of interfacial area con-

centration due to phase change,
�2ai=3a�fPhase

FPressure rate of change of interfacial area con-
centration due to pressure change

FRC rate of increase of interfacial area con-
centration due to bubble random col-
lision

FSink rate of decrease of interfacial area con-
centration due to bubble coalescence

FSource rate of increase of interfacial area con-

centration due to bubble breakup
FTI rate of increase of interfacial area con-

centration due to turbulent impact

fj rate of change of interfacial area con-
centration due to bubble breakup or co-
alescence

fPhase rate of change of interfacial area con-

centration due to phase change
c factor depending on the shape of the

bubbles
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the existence and size of small ¯uid particles for all
¯ow regimes. For example, the maximum stable bubble

size, mechanisms of bubble coalescence, disintegration

and nucleation are important for bubbly, slug and

churn ¯ows. In order to accurately predict the inter-

facial area concentration for these ¯ow regimes, it may
be necessary to introduce a transport equation for the

interfacial area [2]. For example, for a boiling ¯ow, a

bubble number transport equation can be written in

terms of the bulk liquid bubble nucleation rate, the
bubble number density sink rate due to coalescence

and collapse, and generation rate due to bubble disin-

tegration [3]. This equation is equivalent to the inter-

facial area transport equation.

Since the interfacial area concentration changes with

the variation of the particle number density due to co-
alescence and breakage, analogous to Boltzman's

transport equation, a Population Balance Approach

(PBA) was recently proposed by Reyes [4] to develop a

particle number density transport equation for chemi-

cally non-reacting, dispersed spherical ¯uid particles.
For the purpose to take account of interfacial area

transport, Kocamustafaogullari and Ishii [5] general-

ized Reyes's model, then taking a moment of number

density with interfacial area, they obtained the inter-
facial area transport equation based on statistical

mechanics. The simplest form of the interfacial area

transport equation can be obtained by applying the

cross-sectional area averaging and reducing it to a one-
dimensional form. This form of the interfacial area

transport equation may have the most useful and prac-

tical applications in the existing one-dimensional two-

¯uid model. It can replace the traditional ¯ow regime

maps and regime transition criteria. The changes in the
two-phase ¯ow structure are predicted mechanistically

by introducing the interfacial area transport equation.

The e�ects of the boundary conditions and ¯ow devel-

opment are e�ciently modeled by this transport
equation. Such a capability does not exist in the cur-

rent state-of-the-art. Thus, a successful development of

the interfacial area transport equation can make a

quantum improvement in the two-¯uid model formu-
lation.

The transport equation requires several constitutive
relations to model the ¯uid particle coalescence and

disintegration. The development of the source and sink

terms in the transport equation heavily depends on
understanding the mechanisms of particle coalescence

and disintegration as well as accurate experimental

data for the changes in the interfacial area in two-

phase ¯ow. Some phenomenological models for the

sink and source terms have been proposed based on
the mechanism for ¯uid particle coalescence and disin-

tegration [6±9]. Recently, Wu and Ishii [10,11] pro-

posed the general approach to treat the bubbles in two

groups: the spherical/distorted bubble group and the

cap/slug bubble group, resulting in two bubble number
density transport equations that involve the inner and

inter group interactions. In their study the mechanisms

of these interactions was summarized in ®ve categories:

the coalescence due to random collisions driven by tur-

bulence, the coalescence due to wake entrainment, the
breakage due to the impact of turbulent eddies, the

shearing-o� of small bubbles from cap bubbles, and

the breakage of large cap bubbles due to ¯ow instabil-

ity on the bubble surface. They reduced the two-group
transport equations to one-group for a bubbly ¯ow

with relatively low void fraction and developed the

model of the source and sink terms. The obtained one-

group interfacial area transport equation was examined

by some existing data of bubbly ¯ow in low void frac-
tion region [12]. Although sink and source terms due

to bubble coalescence and breakup were appropriately

formulated in their study, the gas phase was assumed

to be incompressible without phase change [10,11]. It

turned out from recent studies by the present authors
[13±15] that the increase of the interfacial area concen-

tration due to pressure reduction along the ¯ow direc-

tion could not be ignored for a vertical gas±liquid

bubbly ¯ow and the data set used in their study [10,11]

was not accurate enough to be used for veri®cation of
modeled sink and source terms [13]. Therefore, their

data analysis method needs to be improved and the

contribution of sink and source terms to the interfacial

area transport should be reexamined based on an accu-
rate data set. StaÈ dtke et al. [16] also modeled the

source and sink terms in the interfacial area transport

equation and tested the model with the JRC Ispra

code for 2D inhomogeneous two-phase ¯ow. However,

it has been di�cult to validate the models over a wide
range of ¯ow conditions, since little rigorous data set

has been available.

Subscripts
calc. calculated value

meas. measured value
0 value at inlet

Mathematical symbols
hi cross-sectional area averaging quantity
hhii void fraction weighted cross-sectional

area averaging quantity
hhiia interfacial area concentration weighted

cross-sectional area averaging quantity
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Recently, a complete set of data on local void frac-
tion, interfacial area concentration, interfacial velocity,

bubble size, liquid velocity, and turbulence intensity
was taken at the Thermal-hydraulics and Reactor
Safety Laboratory in Purdue University by using the

local sensors such as the double sensor probe and hot-
®lm probe over a wide range of bubbly ¯ow conditions
in 25.4 and 50.8 mm diameter tubes [13±15]. The pur-

pose of this study is to develop source and sink terms
in the interfacial area transport equation for adiabatic
bubbly ¯ows and to validate developed model by the

data set.

2. Model development of bubble coalescence and

breakage

2.1. Interfacial area transport equation

Kocamustafaogullari and Ishii [5] derived the inter-
facial area transport equation from the statistical
model of ¯uid particle number transport equation as

follows. They obtained the ¯uid particle number den-
sity transport equation of particles having volume v by
a simple procedure accounting for the ¯uid particle
entering and leaving a control volume through di�erent

mechanisms under the assumption of a continuous par-
ticle density distribution function. The interfacial area
concentration transport equation of particles of volume

v was derived by multiplying the particle number den-
sity transport equation of particles having volume v by
the average interfacial area of particles of volume v,

which was independent of the spatial coordinate sys-
tem. Since the ¯uid particle interfacial area concen-
tration transport equation of volume v was much too

detailed for practical purposes, they developed an inter-
facial area transport equation averaged over all particle
sizes by integrating the equation from minimum par-
ticle volume to the maximum possible particle volume.

The resulting equation includes the source and sink
terms due to the particle interactions, interfacial phase
change, and compressibility of ¯uid particle [5,10,11]
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where ai, t, ~vi, c, a, fj and fPhase denotes the interfacial
area concentration, the time, the interfacial velocity,

the factor depending on the shape of the bubbles, the
void fraction, the rate of change of interfacial area con-

centration due to bubble breakup or coalescence, and
the rate of change of interfacial area concentration due
to phase change, respectively. For spherical bubbles, c
equals 1=�36p�:
By applying the cross-sectional area averaging, the

one-dimensional interfacial area transport equation

becomes:

@ haii
@ t
� @

@z
�haiihhviziia �

� hFSourcei ÿ hFSinki � hFPhasei � hFPressurei �2�

where the brackets of h i and hh iia mean the cross-sec-
tional area averaging quantity and the interfacial area
concentration weighted cross-sectional area averaging

quantity, respectively. Under the adiabatic and steady
conditions, there are no e�ects of phase changes; thus:

d

dz
�haiihhviziia � � hFSourcei ÿ hFSinki � hFPressurei �3�

Ishii et al. [5,10,11] classi®ed the source and sink
terms into ®ve basic mechanisms, namely random col-
lision of bubbles and wake entrainment for the sink

terms, and turbulent impact, shearing-o� and inter-
facial instability for the source terms. Among them,
wake entrainment would play an important role in the

bubbly ¯ow condition near the bubbly to slug ¯ow
transition boundary, and the slug ¯ow. It may be also
important for the bubbly ¯ow in a small diameter
tube, and very low ¯ow conditions as the lateral ¯uctu-

ation velocity of bubbles is small. However, for rela-
tively high ¯ow conditions, even bubbles captured in
the wake region would easily left the region due to

liquid turbulence, resulting in a minor contribution of
wake entrainment to the interfacial area transport.
Shearing-o� and interfacial instability would become

important for relatively large bubbles, which appear in
the bubbly ¯ow condition near the bubbly to slug ¯ow
transition boundary, and the slug ¯ow. Since this

study focuses on the development of one-group inter-
facial area transport equation in a bubbly ¯ow, ran-
dom collision of bubbles for the sink term, and
turbulent impact for the source term are considered as

main mechanisms of the interfacial area transport.

2.2. Modeling of bubble coalescence

The bubble coalescence is considered to occur due to
the bubble random collision induced by turbulence in
a liquid phase. For the estimation of bubble±bubble

collision frequency, it is assumed that the movement of
bubbles behaves like ideal gas molecules [6]. Following
the kinetic theory of gases [17], the bubble random col-
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lision frequency fC can be expressed by assuming the
same velocity of bubbles uC as a function of surface

available to the collision SC, and volume available to
the collision UC:

fC � uCSC

4UC

�4�

Taking account of the excluded volume for bubbles,
the surface and volume are given by:

SC � 4p�Nb ÿ 1�d 2
b � 4pNbd

2
b � V

24a
db

�5�

UC � V

�
1ÿ bC

2

3
pnbd

3
b

�
� 4bCV�amax ÿ a�,

amax � 1

4bC

�6�

where Nb, db, V, and a denote the number of bubbles,
the bubble diameter, the control volume, and the void
fraction, respectively. The variable bC �R1� is intro-
duced into the excluded volume in order to take

account of the overlap of the excluded volume for high
void fraction region. Although it may be a function of
the void fraction, it is treated as a constant for sim-

plicity. The distortion caused by this assumption will
be adjusted by a tuning parameter in a ®nal equation
of the bubble coalescence rate as introduced later.

The mean ¯uctuation velocity di�erence between
two points being apart by db in the inertial subrange
of isotropic turbulence is given by [18]

ub � 1:4�edb �1=3 �7�

where e denotes the energy dissipation. Taking account
of the relative motion between bubbles, the average

bubble velocity is given by:

uC � gC�edb �1=3 �8�

where gC is a constant. The value of e is simply
obtained from the mechanical energy equation [19] as:

e � hji
rm

�
ÿ dP

dz

�
F

�9�

where j, rm, and �ÿdP=dz�F denote the mixture volu-
metric ¯ux, the mixture density, and the gradient of
the frictional pressure loss along the ¯ow direction, re-

spectively. The collision frequency will increase to in-
®nity, as the void fraction approaches to maximum
void fraction calculated by closed packing condition.

Following Taitel et al. [20], the maximum allowable
void fraction amax is determined to be 0.52, which gives
the ®nely dispersed bubbly to slug ¯ow transition

boundary. Finally, one obtains

fC � g 0Cae
1=3

d 2=3
b �amax ÿ a�

�10�

where g 0C is an adjustable valuable.
In order to obtain the bubble coalescence rate, it is

necessary to determine a coalescence e�ciency. Coula-

loglou and Tavlarides [6] gave an expression for the
coalescence e�ciency lC as a function of a time
required for coalescence of bubbles tC and a contact
time for the two bubbles tC:

lC � exp

�
ÿ tC

tC

�
�11�

The time required for coalescence of bubbles was given
by Oolman and Blanch [21,22] for the thinning of the
liquid ®lm between bubbles of equal size as:

tC � 1

8

�����������
rfd

3
b

2s

s
ln
dinit

dcrit

�12�

where rf , s, dinit, and dcrit mean the liquid density,
interfacial tension, the initial ®lm thickness, and the
critical ®lm thickness where rupture occurs. Kirkpa-

trick and Locket [23] estimated the initial thickness of
the ®lm in air±water systems to be 1� 10ÿ4 m,
whereas the ®nal ®lm thickness was typically taken as

1� 10ÿ8 m [24]. On the other hand, Levich [25] de-
rived the contact time in turbulent ¯ows from dimen-
sional consideration.

tC � r2=3b

e1=3
�13�

where rb means the bubble radius. Finally, one
obtains:

lC � exp

0@ÿ KC

���������������
d 5

br
3
f e

2

s3
6

s 1A �14�

where KC �� 1:29� denotes the coe�cient.
The ®nal form of the bubble coalescence rate FRC is

expressed as:

FRC � 1

3c

�
a
ai

�2

�fC � nb � lC

�
�
a
ai

�2 GCa2e1=3

d 11=3
b �amax ÿ a�

exp

0@ÿ KC

���������������
d 5

br
3
f e

2

s3
6

s 1A �15�

where GC is an adjustable valuable, which is deter-
mined experimentally to be 0.188 for a bubbly ¯ow.
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2.3. Modeling of bubble breakup

The bubble breakup is considered to occur due to

the collision of the turbulent eddy with the bubble.
For the estimation of bubble±eddy collision frequency,
it is assumed that the movement of eddies and bubbles

behaves like ideal gas molecules [6]. Furthermore, the
following assumptions are made for the modeling of
the bubble±eddy collision rate [7]: (i) the turbulence is

isotropic; (ii) the eddy size de of interest lies in the
inertial subrange; (iii) the eddy with the size from cdb

to db can break up the bubble with the size of db, since
larger eddies have the tendency to transport the bubble

rather than to break it and smaller eddies do not have
enough energy to break it. Azbel and Athanasios [26]
developed the following expression for the number of

eddies as a function of wave number.

dNe�ke �
dke

� 0:1k2e �16�

where Ne�ke� denotes the number of eddies of wave
number ke �� 2=de� per volume of ¯uid. Here, the

number of eddies of wave number per volume of two-
phase mixture ne�ke� is given by:

ne�ke � � Ne�ke ��1ÿ a� �17�
Following the kinetic theory of gases [17], the bubble±

eddy random collision frequency fB can be expressed
by assuming the same velocity of bubbles uB as a func-
tion of the surface available to the collision SB, and

the volume available to the collision UB:

fB � uBSB

4UB

�18�

Taking account of the excluded volume for the bubbles
and eddies, the surface and volume are given by:

SB �
�
4p�Nb ÿ 1�

�
db

2
� de

2

�2

dne=

�
dne

� 4pNbd2b � FS�c� � V
24a
db

FS�c� �19�

UB � V

 
1ÿ bB

�
2

3
pnb

�
db

2
� de

2

�3

dne=

�
dne

!

� V

�
1ÿ bB

2

3
pnbd

3
b � FV�c�

�
� 4bBFV�c�V�amax ÿ a� �20�

where FS�c� and FV�c� are functions of c de®ned by
de=db: The variable bB �R1� is introduced into the

excluded volume in order to take account of the over-
lap of the excluded volume for high void fraction
region. Although it may be a function of the void frac-

tion, it is treated as a constant for simplicity. The dis-
tortion caused by this assumption will be adjusted by a

tuning parameter in a ®nal equation of the bubble
breakup rate as introduced later.
According to Kolmogorov's law [27], for the inertial

subrange of the energy spectrum, the eddy velocity ue

is given as:

u2e � 8:2�e=ke �2=3 or ue � 2:3�ede �1=3 �21�

Here, taking account of the relative motion between
bubble and eddy with the same size of bubble, the
averaged relative velocity uB can be expressed as:

uB � gB�c��edb �1=3 �22�

where gB�c� is a function of c. Finally, one obtains

fB � g 0B�c�ae1=3
d 2=3

b �amax ÿ a�
�23�

where g 0B�c� is an adjustable valuable.
In order to obtain the bubble breakup rate, it is

necessary to determine a breakup e�ciency. Following
Tsouris and Tavlarides [9], the energy of a single eddy
is given by:

e � 1

2
meu

2
e � 0:43prfd

11=3
e e2=3 �24�

where me means the mass per a single eddy. Consider-
ing bubble breakup into two equal-size bubbles, the
energy required for breakup EB is calculated as fol-

lows:

EB � 2ps

�
db

21=3

�2

ÿpsd 2
b � 0:587psd 2

b �25�

The breakup e�ciency lB is then assumed to be given

by the following exponential function [6,7,9]:

lB � exp

�
ÿ EB

Ze

�
� exp

 
ÿ 1:37

Zc11=3
� s

rfd
5=3
b e2=3

!

� exp
�
ÿ KB � s

rfd
5=3
b e2=3

�
�26�

where Z is a constant of order 1 [9]. KB value for the

average breakup e�ciency is simply calculated by set-
ting c � de=db � 1 to be 1.37. The ®nal form of the
bubble breakup rate FTI is expressed as:

FTI � 1

3c

�
a
ai

�2

�fB � ne � lB

�
�
a
ai

�2 GBa�1ÿ a�e1=3
d 11=3

b �amax ÿ a�
exp

 
ÿ KBs

rfd
5=3
b e2=3

!
�27�
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where GB is an adjustable valuable, which is deter-

mined experimentally to be 0.264 for a bubbly ¯ow.

3. Results and discussion

3.1. Data base used for evaluation of derived model

In order to evaluate the derived model of sink and
source terms in the interfacial area transport equation,

the authors measured local ¯ow parameters of adia-
batic air±water bubbly ¯ows in vertical round tubes at
the Thermal-hydraulics and Reactor Safety Laboratory

in Purdue University [13±15]. The dimensions of the
loops used in the experiments are shown in Table 1.
Local measurements of void fraction, interfacial area
concentration, interfacial velocity, and Sauter mean di-

ameter were performed by using the double sensor
probe method [13,28]. On the other hand, local
measurements of liquid velocity and turbulence inten-

sity were conducted by using hot®lm anemometry [13].
The instruments such as a conductivity probe and a
hot®lm probe were held and positioned along the

radius of the tube using a traversing mechanism which
mounted directly to the tube ¯ange. Data was taken at
three di�erent axial locations as well as ®fteen radial

positions. One-dimensional ¯ow parameters, that is,
area averaged quantities can be obtained by integrating
the local ¯ow parameters over the ¯ow channel. In

order to verify the measurement accuracy, obtained

one-dimensional ¯ow parameters were compared with
those measured by other cross-calibration methods.
Good agreements were obtained between the area
averaged void fraction, interfacial area concentration

and Sauter mean diameter, the interfacial gas velocity
and liquid velocity obtained from the local measure-
ments, and those measured by the g-densitometer, the

photographic method, the rotameter, and the magnetic
¯ow meter within the error of 5.74, 6.95, 12.4 and
5.19%, respectively [13,14].

Flow conditions of the experiments are listed in
Tables 2 and 3. The conditions are also shown in
Fig. 1(a) and (b). The ¯ow conditions cover most of
the bubbly ¯ow regime, including ®nely dispersed bub-

bly ¯ow. The solid and broken lines in Fig. 1(a) and
(b) indicate the ¯ow regime transition boundaries pre-
dicted by the model of Taitel et al. [20] and the phase

distribution pattern boundaries given by Serizawa and
Kataoka [29], respectively.

3.2. Predictions of ¯ow parameters used in interfacial

area transport calculation

In order to perform the interfacial area transport
calculation, local pressure, super®cial gas velocity, gas

velocity (or z-component of the interfacial velocity),
void fraction, gas velocity weighted by the interfacial
area concentration, and Sauter mean diameter should

Table 1

Dimensions of experimental loops

Loop Loop (A) Loop (B)

Tube inner diameter, D 25.4 mm 50.8 mm

Tube length, L 3750 mm 3061 mm

Axial measuring station, z=D 12.0, 65.0, 125 6.00, 30.3, 53.5

Air injection method Porous tube (40 mm) Porous tube (40 mm)

Pump power (maximum super®cial liquid velocity) 04 m/s 010 m/s

Air supply system 9.91 m3 air tank pressurized to 0.929 MPa

Table 2

Flow conditions in the experiment using a 25.4 mm diameter tube [15]a

Symbols w r q t r

jf (m/s) jg, 0 (m/s) jg, 0 (m/s) jg, 0 (m/s) jg, 0 (m/s) jg, 0 (m/s)

0.262 0.0549 (13.7) 0.0610 (15.4) 0.0780 (19.2) 0.0990 (23.2) 0.117 (26.6)

0.872 0.0414 (5.09) 0.0813 (9.35) 0.143 (15.2) 0.210 (20.6) 0.305 (26.8)

1.75 0.0461 (3.14) 0.116 (7.31) 0.257 (14.4) 0.399 (19.7) 0.575 (25.2)

2.62 0.0804 (3.56) 0.193 (7.87) 0.401 (14.6) 0.581 (19.7) 0.764 (24.2)

3.49 0.0509 (1.83) 0.201 (6.57) 0.516 (15.1) 0.702 (19.5) 0.931 (24.2)

a Values in the parentheses indicate the void fractions in % measured at z=D � 125.
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be given by either a constitutive relation or a measured
value. For example, the system pressure can be calcu-

lated by using Lockhart±Martinelli's method [30] to
estimate the two-phase frictional pressure loss. Good
agreement was obtained between calculated and

measured system pressures within the averaged relative
error of 0.99% (maximum relative error of 5.04%) in
the experiment. The drift ¯ux model [31] can be used

for the predictions of the void fraction and the gas vel-
ocity. The predicted gas velocities agreed with ones
measured in the experiments within the averaged rela-
tive error of 11.3%.

To examine the validity of the modeled sink and
source terms, ¯ow parameters used in the calculation
should be as accurate as possible. Therefore, the

empirical equations shown in Table 4 are used in this
calculation. The functional form of the system pressure

is obtained from the linear pressure reduction along
the ¯ow direction in the measured range. The func-

tional form of the void fraction is determined from
insigni®cant change of gas velocity along the ¯ow
direction (less than 3%). In the equations, P0, hjg, 0i,
ha0i, and A mean the inlet pressure, the inlet super®cial
gas velocity, the inlet void fraction, and the pressure
gradient along the ¯ow direction, respectively. These

values were determined by values measured at three
axial locations. Table 5 shows typical values used in
the interfacial area transport calculations to be pre-
sented in the next section. The expected estimation

errors are also shown in Fig. 2 and Table 4. The
empirical equations give better estimations of the
pressure and the gas velocity rather than the models

such as the Lockhart±Martinelli's equation and the
drift ¯ux model.

Table 3

Flow conditions in the experiment using a 50.8 mm diameter tube [14]a

Symbols w r q t r �

jf (m/s) jg, 0 (m/s) jg,0 (m/s) jg, 0 (m/s) jg, 0 (m/s) jg, 0 (m/s) jg, 0 (m/s)

0.491 0.0275 (4.90) 0.0556 (9.20) 0.129 (19.2) 0.190 (25.9) N/A N/A

0.986 0.0473 (5.12) 0.113 (10.8) 0.242 (20.3) 0.321 (23.1) N/A N/A

2.01 0.103 (5.68) 0.226 (10.8) 0.471 (18.3) 0.624 (22.8) N/A N/A

5.00 0.245 (5.41) 0.518 (10.6) 1.11 (20.0) 1.79 (28.1) 2.87 (36.6) 3.90 (44.2)

a Values in the parentheses indicate the void fractions in % measured at z=D � 53:5.

Fig. 1. Flow conditions in the experiments using 25.4 mm and 50.8 mm diameter tubes.
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The interfacial area concentrations measure at the
®rst measuring station such as z=D � 12:0 for
D � 25:4 mm or z=D � 6:00 for D � 50:8 mm are used

as initial values. It should be noted here that the accu-
racy of the initial value may a�ect the ®nal result of
the calculation on the order of the accuracy of the in-

itial value. The Sauter mean diameters are calculated
by the following relation:

hDSmi � 6hai
haii �28�

Here, due to the spherical bubble assumption, we set
hdbi1hDSmi in this calculation. Since the uniform
bubble size is assumed, the area-averaged bubble inter-
facial velocity weighted by interfacial area concen-

tration can be given by [11]:

hhviziia �
hvizaii
haii 1 hvizaihai � hhvizii �29�

where the bracket of hhii means the void fraction
weighted cross-sectional area averaging quantity. As

shown in Fig. 2 and Table 4, the area-averaged bubble
interfacial velocities weighted by interfacial area con-

centration agree with those weighted by void fraction
within the average relative deviation of 1.40%.
Since measured values of the frictional pressure loss

are not available, the Lockhart±Martinelli's method
[30] with Chisholm's equation [32] is used to estimate
the two-phase frictional pressure loss in the calculation

of the energy dissipation given by Eq. (9). The pre-
diction error of this model will be adjusted by the
adjustable valuables, GB and GC:

3.3. Contributions of bubble coalescence, breakup and

expansion to interfacial area transport

In order to evaluate the contributions of bubble co-
alescence, breakup and expansion to interfacial area
transport, typical changes of interfacial area concen-

tration due to each mechanism along axial position are
shown in Figs. 3±5. The changes of the system press-
ure, the void fraction and the Sauter mean diameter

along the ¯ow direction are also shown in Fig. 6. In
these ®gures, measured values are indicated by open
symbols.
For the case of low liquid velocity and low void

fraction such as jf � 0:491 m/s and jg, 0 � 0:0275 m/s
�az=D�53:5 � 4:90%), the change of the interfacial area

Table 4

Empirical correlations used in the predictions of system pressure and ¯ow parameters

Quantities Empirical correlations Prediction accuracy

System pressure P � fP0 � A � �z=D�g < 0.5% (Max.:< 1%)

Super®cial gas velocity h jgi � h jg, 0i � P0

P
10.2%

Void fraction hai � ha0i � P0

P
9.64%

Gas velocity (interfacial velocity) hhvgii � h jgihai �
h jg, 0i
ha0i � hhvg, 0ii

2.93%

Gas velocity weighted by interfacial area

concentration

hhvgziia �
hvgzaii
haii 1 hvgzaihai � hhvgii 1.40%

Table 5

Typical initial values used in the interfacial area transport calculation

Quantities Case I Case II Case III

Inlet super®cial gas velocity, hjg, 0i (m/s) 0.0275 0.190 3.90

Super®cial liquid velocity, hjfi (m/s) 0.491 0.491 5.00

Inlet pressure, P0 (MPa) 0.133 0.127 0.170

Pressure gradient, A (MPa) ÿ0.000522 ÿ0.000406 ÿ0.000754
Inlet void fraction, ha0i 0.0376 0.220 0.357

Interfacial area concentration, hai, z=D�6:00i (mÿ1) 92.9 408 779

Sauter mean diameter, hDSm, z=D�6:00i (mm) 2.49 3.31 2.83
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concentration predicted by the derived model suggests

that bubble coalescence due to random collision
between bubbles (bubble random collision) and bubble
breakup due to random collision between bubble and
turbulent eddy (turbulent impact) are not marked (see

Fig. 3). For this ¯ow condition, the bubble mixing
length may not be large enough to cause the bubble
random collision because of long distance between

bubbles. Fig. 7 shows the bubble coalescence and
breakup e�ciency predicted by the models. For the
small turbulence ¯uctuation, the bubble contact time is

relatively long, resulting in high coalescence e�ciency
�lC00:96), whereas the turbulent eddy may not have
enough energy to disintegrate the bubbles �lB00).

This leads to a major role of the bubble expansion due
to pressure reduction along axial direction in the inter-
facial area transport. As a result, the interfacial area

concentration increases along axial direction mainly

due to the pressure reduction. Reasonably good agree-

ment is obtained between predicted and measured
interfacial area concentrations.
For the case of low liquid velocity and high void

fraction such as jf � 0:491 m/s and jg, 0 � 0:190 m/s

�az=D�53:5 � 25:9%), the increase of void fraction
would enhance the rate of collision between bubbles as
well as that between bubble and turbulent eddy. The

enhancement of the bubble coalescence along the ¯ow
direction tends to decrease the interfacial area concen-
tration along the ¯ow direction. On the other hand,

the increase rate of the bubble breakup due to turbu-
lent impact is not marked because of the gradual
decrease of eddy number with increasing void fraction,

and the low bubble breakup e�ciency �lB00� as
shown in Fig. 7. As a consequence, the increase of the
interfacial area concentration along the ¯ow direction

is smaller than that expected by the bubble expansion.

Fig. 2. Veri®cation of empirical correlations used in the calculations of void fraction, super®cial gas velocity, gas velocity, and gas

velocity weighted by interfacial area concentration.
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For a ®nely dispersed bubbly ¯ow condition such as
jf � 5:00 m/s and jg, 0 � 3:90 m/s �az=D�53:5 � 44:2%),

the strong turbulence disintegrates bubbles into small
bubbles, resulting in the increase of the high interfacial
area concentration (See Fig. 5). As can be seen in

Fig. 7, the strong turbulence increases the bubble

breakup e�ciency signi®cantly �lB00:92�: On the
other hand, the large turbulence ¯uctuation may

decrease the bubble contact time, resulting in the
decrease of the bubble coalescence e�ciency �lC00:6�:
Consequently, the bubble breakup rate becomes higher

than the bubble coalescence rate. The increase of the
interfacial area concentration along the ¯ow direction
is larger than that expected by the bubble expansion.

Thus, it can be seen that the bubble coalescence and
breakup e�ciency play an important role in the inter-
facial area transport. Excellent agreement was obtained

between predicted and measured interfacial area con-
centrations.

3.4. Comparison of measured interfacial area
concentration with derived model

All of measured interfacial area concentrations are
compared with the interfacial area transport equation
with the modeled sink and source terms. Figs. 8 and 9
show the results for the experiments in 25.4 and 50.8

mm diameter round tubes, respectively. In the ®gures,
solid lines indicate the predicted interfacial area con-
centrations. Axial changes of the interfacial area con-

centrations can be reproduced by the interfacial area
transport equation with the derived sink and source
terms. The present model can predict almost all of

data reasonably well as shown in Fig. 10. The average
relative deviation between predicted and measured
interfacial area concentrations is estimated to be
11.6%. It is recognized that the present model would

Fig. 3. Contributions of bubble coalescence, breakup and

expansion to interfacial area transport �jf � 0:491 m/s,

jg, 0 � 0:0275 m/s).

Fig. 4. Contributions of bubble coalescence, breakup and

expansion to interfacial area transport �jf � 0:491 m/s,

jg, 0 � 0:190 m/s).

Fig. 5. Contributions of bubble coalescence, breakup and

expansion to interfacial area transport �jf � 5:00 m/s,

jg, 0 � 3:90 m/s).
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be promising for the interfacial area transport of the
examined bubbly ¯ows (0.0414 m/s Rjg, 0R 3.90 m/s,

0.262 m/s RjfR 5.00 m/s, 1:27%RaR46:8%,
D � 25:4 mm, 50.8 mm). However, in the region near
the bubbly to slug ¯ow transition boundary, the intro-

duction of the two-group interfacial area transport

equation may be necessary to explain the phenomena.
In the region, another interfacial area transport mech-

anisms such as bubble coalescence due to wake
entrainment, and bubble breakup due to shearing-o�
and interfacial instability would be needed to be taken

into account as the sink and source terms in the inter-
facial area transport equation. It should be pointed
out that the applicability of the present model to other

¯uid systems, or smaller or larger diameter tubes
should be examined experimentally, which means that
the coe�cients in this model, GB, GC, KB, and KC,

should be modi®ed by taking account of the rigorous
data base taken in other ¯uid systems, or smaller or
larger diameter tubes.

4. Conclusions

In relation to the development of the interfacial area

transport equation, the sink and source terms in an
adiabatic bubbly ¯ow system were modeled based on
the mechanisms of bubble±bubble and bubble±turbu-

lent eddy random collisions, respectively. One-dimen-
sional interfacial area transport equation with the
derived sink and source terms was evaluated by using

the area averaged ¯ow parameters of adiabatic air-
water bubbly ¯ows measured in 25.4 mm and 50.8 mm
diameter tubes. The ¯ow conditions of the data set
covered most of the bubbly ¯ow regime, including

®nely dispersed bubbly ¯ow. The following results
were obtained:

Fig. 7. Dependence of coalescence and breakup e�ciency on

gas and liquid velocities.

Fig. 6. Axial change of system pressure, void fraction, and

Sauter mean diameter.
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1. For relatively low liquid velocity and low void frac-

tion, the bubble random collision and the turbulent

impact might not contribute to the interfacial area

transport signi®cantly, whereas the bubble expan-

sion due to pressure reduction along the axial direc-

tion was dominant for the interfacial area transport.

2. For relatively low liquid velocity and high void frac-

tion, total change of the interfacial area concen-

tration was smaller than that expected by the

bubble expansion. This might be explained by the

bubble breakup e�ciency. Although the increase of

the void fraction promoted the bubble random col-

lision and the turbulent impact, the eddy might not

have enough energy to disintegrate the bubbles.

Consequently, the increase of the interfacial area

concentration due to bubble breakup was negligible,

Fig. 8. Prediction of axial change of area averaged interfacial area concentration measured in 25.4 mm diameter tube by one-

dimensional interfacial area transport equation with modeled sink and source terms.(a) jf � 0:262 m/s, (b) jf � 0:872 m/s, (c)

jf � 1:75 m/s, (d) jf � 2:62 m/s, (e) jf � 3:49 m/s
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whereas the decrease of the interfacial area concen-
tration due to bubble coalescence was gradually

enhanced along the ¯ow direction, resulting in the
increase of the interfacial area concentration along

the ¯ow direction.
3. For ®nely dispersed bubbly ¯ow, the strong turbu-

lence disintegrated bubbles into small bubbles,

resulting in the increase of the interfacial area con-
centration. Although the strong turbulence increased

the bubble collision rate, it might decrease the
bubble contact time, resulting in the decrease of the

bubble coalescence e�ciency. As a result, the bubble
breakup rate became higher than the bubble co-

alescence rate.

4. Excellent agreement was obtained between modeled
and measured interfacial area concentrations within

the average relative deviation of 11.6%. It was
recognized that the present model would be promis-

ing for the interfacial area transport of the exam-
ined bubbly ¯ows including the ®nely dispersed

bubbly ¯ows (0.0414 m/s Rjg, 0R3:90 m/s, 0.262 m/

s RjfR5:00 m/s, 1:27%RaR46:8%, D � 25:4 mm,
50.8 mm).

Fig. 9. Prediction of axial change of area averaged interfacial area concentration measured in 50.8 mm diameter tube by one-

dimensional interfacial area transport equation with modeled sink and source terms.(a) jf � 0:491 m/s, (b) jf � 0:986 m/s, (c)

jf � 2:01 m/s, (d) jf � 5:00 m/s

Fig. 10. Comparison between measured and predicted inter-

facial area concentrations.
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